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In acest articol se studiazd transformdrile
planului de coordonate, care pastreaza ariile
figurilor cuadrabile marginite. Astfel de trans-
formari se numesc izoarice.

In primul rand, se arata ca aria oricarei
figuri cuadrabile marginite este egala cu suma
ariilor unei multimi, cel mult numdarabile de
anumite triunghiuri disjuncte doud cdte doua si
situate in aceasta figurd. Fiecare dintre aceste
triunghiuri are o baza paralela cu axa Ox. Este
prezentat un exemplu de transformare izoaricd,
care nu este izometricd. In consecinta, este
dedusa formula pentru aria figurii marginite de
o elipsa, fard a utiliza calculul integral.

Transformarile planului, examinate in pre-
zentu! articol, sunt esentiale atdt pentru domen-
iul matematicii, cdt si pentru domeniul economic.

Pentru o transformare neteda a planului
de coordonate, o transformare reprezentata de
doua functii cu douad variabile, cu derivate
partiale de ordinul intdi continue pe intregul
plan, se demonstreaza un criteriu conform
caruia aceastd transformare este izoaricd.

Cuvinte-cheie: transformare, cuadrabild,
izoaricd, figurd, functie, derivatd.

JEL: CO00, C02.

Introducere

In matematica sunt studiate transformarile
Cu anumite proprietati. De exemplu, transfor-
marile spatiului, planului, care pastreaza distanta
dintre oricare doud puncte numite transformari
izometrice, au fost studiate suficient [1]. In lu-
crarea de fatd studiem transformarile planului de
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In this paper are studied the coordinate
plane transformations that preserve the areas of
bounded quadrable figures. Such transfor-
mations are called isoarcs.

First, it is shown that the area of any
bounded guadrable figure is equal to the sum of
the areas of at most countable manifold of
certain triangles disjoint two by two and located
in this figure. Each of these triangles has a base
parallel to the axis Ox. An example of a non-
isometric isoaric transformation is shown.
Consequently, the formula for the area of the
figure bounded by an ellipse is derived without
using integral calculus.

The plane transformations, examined in
this article, are essentisl to both fields, mathe-
matics and economics.

For a smooth transformation of the coor-
dinate plane, is given a transformation repre-
sented by two functions of two variables with
continuous first-order partial derivatives on the
whole plane, so as a criterion is proved accor-
ding to which this transformation is isoaric.
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Introduction

Transformations with certain properties
are studied in mathematics. For example, trans-
formations of space, plane, which preserve the
distance between any two points called isometric
transformations have been studied sufficiently
[1]. In the present paper, we study coordinate
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coordonate, care pastreaza ariile figurilor
cuadrabile marginite. Astfel de transformari se
numesc transformari izoarice (Definitia 3). Sunt
prezentate unele proprietati ale figurilor cuadra-
bile marginite (Lemele 1, 2). Este prezentat un
exemplu de transformare izoarica, care nu este si
izometricd (Teorema 1). Ca aplicatie, formula
pentru aria unei figuri marginite de o elipsa este
dedusa fara a utiliza calculul integral. Pentru
transformarile netede ale planului de coordonate,
un criteriu conform caruia aceste transformari
sunt izoarice, este stabilit In limbajul derivatelor
partiale continue de ordinul intdi (Teorema 2).

Metode aplicate

Metodele utilizate 1n acest studiu
parte din metodele teoriei multimilor si din
metodele analizei matematice clasice. De ase-
menea, sunt folosite metodele topologiei axei
numerice, precum si metodele topologiei planu-
lui de coordonate.

Rezultate si discutii

Vom folosi urmatoarele notatii:

sunt

e N* — multimea numerelor naturale
pozitive;
e N=N"U{0}

¢ R —multimea numerelor reale;

e RZ={(x,y)lx R,y € R} — planul de
coordonate carteziene;

e p(A,B) — dinstanta dintre punctele A si B
din planul R?;

o S(®) - aria figurii @ din planul R?;

e intX — multimea punctelor interioare ale
multimii X, X € R?,
Amintim ci o transformare F: R? - R? a

planului R? se numeste izometrici, daci:

p(F(A),F(B)) = p(4,B)

Definitie 1. Reuniunea unui numar finit de
poligoane se numeste figura poligonala.

Definitie 2. O figurd marginitd © din
planul R? se numeste cuadrabild, dacd
sup{S(P)|P — figura poligonala, P < ®} =
inf{S(Q)|Q — figurapoligonala ® < Q}  si
aceasta valoare comund se numeste aria figurii
@, notata, bineinteles, prin S(P).

Este evident ca @; € ®, = S(P;) <
S(®,), pentru orice figuri cuadrabile @ si ©,.
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plane transformations that preserve the areas of
bounded quadrable figures. Such transformations
are called isoaric transformations (Definition 3).
Some properties of bounded quadrable figures
are presented (Lemmas 1, 2). An example of an
isoaric transformation that is not also isometric
is presented (Theorem 1). As an application, the
formula for the area of a figure bounded by an
ellipse is deduced without using integral calcu-
lus. For smooth transformations of the coor-
dinate plane, a criterion according to which these
transformations are isoaric is established in the
language of first-order continuous partial deriva-
tives (Theorem 2).
Applied methods
The methods used in this study are part of
the sets theory methods and those of classical
mathematical analysis. Also, numerical axis
topology methods and coordinate plane topology
methods are used.
Results and discussion
We will use the following notations:
e N* —the set of positive natural numbers;
e N=N"U{0};
e R —the set of real numbers;
e R?2={(x,y)lx € R,y € R} — -cartesian
coordinate plane;
e p(A,B) — the distance between points A
and B in the plane R?;
o S(®) — the area of the figure @ in the
plane R?;
o intX — the set of interior points of the set
X, X € R
Recall that a transformation F: R? — R?
of the plan R? is called isometric if:

V A, B € R2.

Definition 1. The union of a finite number
of polygons is called a polygonal figure.

Definition 2. A bounded figure @ in the
plane R? is called quadrable if sup{S(P)|P —
poligonal figure, P € ®} = inf{S(Q)|Q —
poligonal figure ® € Q} and this common
value is called the area of the figure ®@ denoted,
of course, by S(®P).

It is obvious that ®; € @, = S(P,) <
S(®d,), for any quadrable figures &, and ©,.
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Definitia 3. O transformare F: R? - R? a
planului R? se numeste izoarici, dacd pentru
orice figurd cuadrabila ® c R

S(F(®)) = S().

Lema 1. Pentru orice figura cuadrabila
® c R? existd doud siruri de figuri poligonale
PSP S PSS s510120,..20, 2,

astfelca P, c ® < Q,, vn e N* si
lim,_o S(B,) = lim,_,, S(Q,) = S(P).

Demonstratie:  Conform  definitiilor
infimumului si supremumului, pentru orice
n € N* exista asa figuri poligonale R, si T, ,

COCT, si 1S®) -SRI <2
S(CD)

incat R,
iar [S(T,) — S(P)| < —
Atunci, flgurlle P, = UL R; s

Qn = Nj=, T; sunt, de asemenea, figuri poligo-
nalesiR, € B, € ® € Q,, S T,. Prin urmare:

Definition 3. A transformation F: R? —» R?
of the plane R? is called isoaric if for any
quadrable figure ® c R

S(F(®)) = S().

Lemma 1. For any quadrable figure
® c R? there are two sequences of polygonal
figures P, € P, <P, C--and Q; 20Q, ... 2
Q, 2 sothatB, cd®<(Q, VneN"
and lim,,_,., S(B,) = lim,_, S(Q,) = S(D).

Demonstration: According to the defi-
nitions of the infimum and the supremum for any
n € N* there are such polygonal figures R,, and

T, that R, €®CT, and [S(P) -SRI <
X and |5(T,) — S(@)] < 2
Then the figures Pn— UL,R; and

Qn, =Nj=, T; are also polygonal figures and
R, € P, € ® c Q, S T,. Therefore:

S(R,) < S(B,) < S(®) < 5(Q,) < S(T,) siastfel/and so,

S (d))

IS(@) = S(P)I < [S(P) = SR <=~ sl

15(Qr) = S(®)| < [S(T) = S(P)[ <=~

Deci avem/So, we have:

S ((D)

S@) -2 <5 < S@) +52 i "
1
S(®) — 5(“’) < 5(0,) < S(@) + 52 5(‘")
Deoarece P, S P,S--CP,C si Considering P, € P, € - S P, € -+ and
0:20Q,..2Q, 2, rezulta ca sirul {S(Pn)} 0:20Q,..2Q,2-- it follows that the

este monoton crescator si marginit superior de
S(®), iar sirul {S(Q,)} este monoton descres-
cator si marginit inferior de S(®). Deci aceste
siruri sunt convergente si, trecand la limita in
relatiile (1), obtinem:

sequence {S(P,)} is monotonically increasing
and bounded above by S(®) and the sequence
{5(Q,,)} is monotonically decreasing and lower
bounded by S(®). So, these sequences are
convergent and, going to the limit in relations
(1), we get:

S(@) = limyseo (S@) = X2 < limyy 0 SBy) < limyyosey (S@) +52) = 5(@)  siland
S(@) =lim (S(@) = X2) <im0 S(Q) < limpyoses (S(@) + 52 = 5(@).

De unde rezulta ca:

lim,,_, S(B,) = S(P)

Lema este demonstrata.

Remarca. Orice figura poligonala poate fi
divizatad intr-un numar finit de triunghiuri cu
bazele paralele axei Ox.

Intr-adevar, orice poligon poate fi divizat
intr-un numar finit de asemenea triunghiuri.

Revista / Journal ,,

sifand

It follows that:

limy, o S(Qn) = S(D).

The lemma is demonstrated.

Remark. Any polygonal figure can be
divided into a finite number of triangles with
bases parallel to the Ox axis.

Indeed, any polygon can be divided into a
finite number of such triangles. So any poly-
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Deci, orice figura poligonala, ca o reuniune a
unui numadr finit de poligoane, poate fi divizata
intr-un numar finit de triunghiuri cu bazele
paralele axei Ox.

Lema 2. Daca @ este o figura cuadrabila,
nefiind o figurda poligonala, atunci existd o
numarabilitate de triunghiuri A{,A,, ...,Apy, ... CU
bazele paralele axei Ox, satisfacand proprietatile

ApS PV meN",S(a;nA;)=0 Vi,jEN,i#j

gonal figure as a union of a finite number of
polygons can be divided into a finite number of
triangles with bases parallel to the Ox axis.

Lemma 2. If @ is a quadrable figure not
being a polygonal figure then there is a
countability of triangles Aq,A,,...,A,,, ... With
bases parallel to the axis Ox satisfying the
properties

sifand

S(®) = Xin=15(Am).

Demonstratie: in baza lemei 1 existi un
sir de figuri poligonale P € P, € -+ C P, C
Poiq - cu  proprietatile P,C® si
lim;,_, S(B,) = S(P). Deoarece ® nu este
figura poligonala, sirul Py, P, ..., B, ... poate fi
selectat astfel incét int(P,,1\B,) #® Vn > 1.

Conform remarcii de mai sus, figura
poligonald P; poate fi divizatd intr-un numar
finit de triunghiuri Agq1,A¢, ..., Ak, CU bazele
paralele axei Ox si pentru orice n > 1 figura
P,+1\P,, ca o figura ce constd din reuniunca
unui numar finit de poligoane, de asemenea,

Demonstration: In the base of lemma 1
there is a sequence of polygonal figures P; <
P, € - C P, € Pyyq ... With properties P, € &
and lim,_ S(B,) = S(®). Since ® is not a
polygonal figure the sequence Py, Py, ..., P, ...
can be selected such that int(P,.1\BP,) #
¢ vn=1.

According to the above remark the
polygonal figure P; can be divided into a finite
number of triangles Agq,A¢2, .., Agk, With bases
parallel to the Ox axis and for any n > 1 figure
P,.+1\P, as a figure consisting of a finite number

poate fi divizatd intr-un numar finit de of polygons can also be divided into a finite

triunghiuri Apy,Apy, ..., Apy, CU bazele paralele number of triangles Apg,Ans, ..., Ak, With
a axei Ox. parallel bases to the Ox axis.

Atunci Up=y By = Py U (U1 (Prya\P)), (2)

unde figurile P; si (Ppyi\B)n = where the figures P; and (P,41\P,) n =

1;2; 3; ... sunt disjuncte 2 cate 2. Deoarece tota-
litatea {A,q,An2, -, Ank,, } €ste o divizare a figu-
rii P,.+1\PB, pentru orice n = 1;2; 3; ..., atunci:

1;2; 3; ... are disjoint 2 by 2. Since the totality of
{An1,An2, -, Apk, } IS a division of the figure
Ppiq1\P, forany n = 1;2; 3; ... then:

D = {Ag1,802, s Aok A11, 812, s A1k 1 B21, 892, oo s B g,y o B 1Bz, oo By s ooe }

va fi o  divizare a figuriiP; U
(Un=1(Pr4+1\Py)), cu proprietitile A;;S ® Vi €
Nsivj=1k, iar S(a;;,nA;;,) =0 pentru
orice (iy,j1) # (i2,J2)-

Deoarece toatalitatea D este numarabila,
putem scrie D = {Aq,A,, ...,Ap,, ...} si In baza
relatiei (2) avem:
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there will be a division of the figure P; U
(Un=1(Pr+1\P,)) with the properties A;;<
®VvieNandVj =1k, and S(AiljlnAiljz) =
0 forany (i1, j1) # (iz,j2)

Since the set D is countable we can write
D ={A,Ay,...,Ap, ...} and based on relation

(2) we have:

(3)
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Din/From A,,S @i S(A;nA;) =0 Vi,j

€ N*,i # j, avem/we have:

Z S(Ay) = S(U Am) < S(D) (4)
m=1 m=1
Deoarece: Because:
Plgng"‘gpng'“
rezulta ca: it follows that
By =Ui P s i=1Pi S U2, P By =Uiz P;  and =1 P S U2 Py

Astfel, tinand cont de relatia (3), avem:

)

Adica S(®) < Ym-1S(Ap)si avand in
vedere relatia (4) rezulta ca:

n

s

i=1

[oe]

S(@) = lim S(R) = lim 5(

<lms| |p)=s
n—oo
i=1

Thus given relation (3) we have:

)0 o

=1

(U

That is S(®) < Y;m=15(4A,,) and taking
into accont relation (4) it follows that:

S(®) = Z S(A).
m=1

Lema este demonstrata.

Evident ca orice transformare izometrica
este si izoarica.

Afirmatia
precum ne arata:

inversa nu este adevarata,

Teorema 1:

The lemma is demonstrated.
Obviously any isometric transformation is
also isoaric.

The reverse statement is not true as it
shows us:

Theorem 1:

Fie/Letk € R k > 0,k # 1. Atunci transformarea/ Then the transformation Fj,: R? —» R?
data de formula/ given by the formula F,,(M(x,y)) = M’ (kx; %) =M'(u,v)

u = kx
s

este o transformare izoarica, dar nu si izometrica.

Demonstratie:

Transformarea F,: R? - R? este o trans-
formare liniard si deci, dreptele trec in drepte, in
rezultatul actiunii Fy, iar dreptele paralele cu axa
Ox trec in dreptele paralele cu axa OX. Deci orice
triunghi cu baza paralela cu axa Ox trece intr-un
triunghi cu baza paralela cu axa Ox .

Astfel, daca triunghiul A are baza a si
indltimea h, atunci triunghiul A'= F,(a) va

s h .
avea baza ka si Tnaltimea o deoarece si dreptele

paralele cu axa Oy vor trece in drepte paralele cu
axa Oy.

y
k

is an isoaric but not isometric transformation.

Demonstration:

Transformation F,:R? - R? is a linear
transformation and so the lines become straight
as a result of the action F, and the lines parallel
to the Ox axis pass into the lines parallel to the
Ox axis. So any triangle with base parallel to the
Ox axis passes into a triangle with base parallel
to the Ox axis.

So, if the triangle A has base a and height
h then triangle A'= F;.(a) will have base ka and

height % because the lines parallel to the Oy axis
will also pass into lines parallel to the Oy axis.
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Atunci/ Then: S(a") = %ka% = %ah =S(a).

Daca @ este o figura poligonala, atunci ea If @ is a polygonal figure, then it can be
poate fi divizata intr-un numir finit de divided into a finite number of triangles
triunghiuri Aq,A,, ...,A,,, CU bazele paralele axei Aq,A,, ...,A,, With bases parallel to the Ox axis
Ox, astfel ca: such that:

S@) = ) 5(a)
i=1

atunci/then:
S(F(@) =X2,S(a") = X2, S(a) = S(P).

Daca insa @ este o figura marginita si If, however @ is a bounded and quadrable
cuadrabild, nefiind figura poligonala, atunci, non-polygonal figure then according to lemma
conform lemei 2, existd un sir Aq,A,, ...,A,, ... 2 there is a sequence Aq,Aj, ...,Ap,.. Of
de triunghiuri cu bazele paralele cu axa Ox, triangles with bases parallel to the Ox axis

cu proprietatile with the properties
ApC ® VmeN',S(a;na;) =0,pentrui # A,,C ® VYmeN*,S(a;n4;) =0,fori #j
J$iS(®@) = Ym=1 S(Am). and S(P) = Xin=1S(Am).

Prin urmare, Ap,,S F(®) VmeN", Therefore aj,S F(®) vm € N*, S(ajn
S(ainaf) = 0 Vi # j si: Aj) =0Vi# j,and:

S(F@) = ) S(a'm)= ) S(apm) = S(@)
m=1 m=1

adica F este o transformare izoarica. i.e. Fisan isoaric transformation.

Avem/We have F,.(0(0;0)) = 0’ (k % 0; %) = 0'(0;0) sifand F(A(1;0)) = 4’ (k « 1;%) = A'(k; 0)

Astfel/ Thus: p(0; A) = 1 p(Fi(0); F.(A)) = p(0'; A") = k # 1,adicali.e. p(0; A) # p(0'; A"),
ceea ce inseamna ca Fj, nu este izometrica. which means that F, is not isometric.
Teorema este demonstrata. The theorem is proved.

Exemplul: Consideram elipsa de ecuatie Example: Consider the ellipse of equation
2,2
x Yy
; + b—z =1 (5)

si transformarea F \F: R? - R?, dati de formula: and transformation F \/5: R? - R? given by the

a

Q

formula:
o — |b
FJE(M(x,y))—M (\/;x,\/;y>,<k—\/;>.
Atunci, conform Teoremei 1, aceastd Then, according to Theorem 1, this
transformare este izoarica si: transformation is isoaric and:
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Now the ellipse (5) turns into a curve
given by the equation:

Acum elipsa (5) se transforma intr-o curba
data de ecuatia:

2

(B (B,

¥ =1l

a?

Teorema 2: Fie

v
—+—=1e u?+v?
ab

2

= (Vab)’

Theorem 2: Let

ab

F(M(x,y)) = M'(u(x, ), v(x,))

o transformare a planului R?, in care functiile
u(x,y) si v(x,y) poseda derivate partiale de
ordinul 1intdi continue pe tot planul R2,
Transformarea F = R? — R? este izoarici, daca

a plane transformation R? where the functions
u(x,y) and v(x,y) possess continuous first-
order partial derivatives on the whole plane R?.
The transformation F = R? —» R? is isoaric if

and only if

si numai daca

uy(x,y) uy(x,y)
v (x,y) vy

Demonstratie:  Suficienta. Fie ca Demonstration: Sufficiency. Whether
[1(u(x, ), v(x, )| =1 V(xy)eR?si @ o |I(ulx,y),v(x,y))|=1 V(x,y)eR*and P a
figurd cuadrabild din R2, atunci aria figurii quadrable figure from R2. Then the area of the
F(®) in sistemul de coordonate uOv va fi: figure F(®) in the coordinate system uOv will

be

[1(u(x, ), v(x,¥)| =1 V(x,y) € R? unde I(u(x,y),v(x,y)) =

S(F(®)) = f f dudv

F(®)

[2, p.178] si, conform formulei de calcul in [2, p.178] and according to the calculation for-
cazul schimbului de variabila [2, p.190], mula in the case of variable exchange [2, p.190],

ffF(¢) dudv = [f, [1(u(x, ), v(x,))|dxdy = Jlo 1dxdy = [[, dxdy = S(®).

Adicd S(F(®)) = S(P) pentru orice Id est S(F(®)) = S(P) for any cuadrable
figura cuadrabild @, ceea ce inseamna ca F este figure ® that means that F is isoaric. Sufficiency
izoarica. Suficienta este demonstrata. is demonstrated.

Necesitatea. Necessity.

Fielet F:R? - R2, F(M(x,y) = M'(u(x,y),v(x,y)).
Sa aratam ca/ Let us show that |I(u(x, v), v(x, y))| =1 V(x,y) € R

Assume the opposite, that there is a point
My (xg,yo) Where:

Presupunem contrariu, cd existd un punct

My (xg, yo) in care:

Revista / Journal ,, ECONOMICA” nr.1(127) 2024
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|I(u(x0,y0), V(xo;}’o))| * 1.

Sunt posibile 2 cazuri:

Then 2 cases are possible:

1) |I(u(x0,y0),v(xo,y0))| = C > 1si/and
2) |I(u(x0,y0),v(xo,y0))| =C<1

In primul caz, din continuitatea pe tot
planul R? a derivatelor partiale de ordinul inti
ale functiilor u(x,y) si v(x,y), rezulta ca
I (u (x,y),v(x, y)) prin
[I(u(x,y),v(x,y))| este o functie continud in
punctul M, (xo, yo). Atunci exista o vecinatate:

si, urmare,  si

In the first case, from the continuity on the
whole plane R? of the first-order partial deri-
vatives of the functions u(x,y) and v(x,y) it
follows that I(u(x,y),v(x,y)) and therefore
also [I(u(x,y),v(x,y))| is a continuous func-
tion at the point M,(xq,¥). Then there is a
neighbourhood:

V(Mo (x0,¥0)) = {M(x,y) € R? | p(M,M,) <} (r € R,r > 0) a punctului/of the point

My (x0, o), astfel cad/so that:

[11(uCe, ), v )| = | < 5= V() € V(Mo (Gxoyo)),

adicali.e.:

_% < [I(u(x,y),v(x )| —c < %1

sau/or

c—1 c—1
_T+C < |I(u(x,y),v(x,y))| < C+T

c+1

de unde/whence |I(u(x, y), v(x,y))|
Atunci/then:

S (F (Vr(Mo(xOJ/o)))> =

|

F(Vy(Mo(x0.30)))

1+1
>T>T—1 V(x,y) €

dudv =

V;’(MO(xO'YO))-

[ (u(x,y),v(x,y))|dxdy >
V(Mo (x0,50))

> ferMo(x()J’o) 1 dXdy - fer(Mo(xOYO)) dxdy =S (Vr(MO(xO'yO)))'

Adicéa/that is: S(F (I/T(Mo(xoyo)))) > S(VT(MO(xO,yO))), ceea ce contrazice faptul ca

transformarea F este izoarica/ which contradicts the fact that the transformation F is isoaric.

in cazul 2 din continuitatea pe tot planul
R? a derivatelor partiale de ordinul intai ale
functiilor  u(x,y) si v(x,y),
I(u(x,),v(x,y)) i, prin
|I (u(x, v), v(x, y))| este o functie continud in

rezultd ca

urmare,  si

punctul My (xq, yo). Atunci exista o vecinatate:

In the second case from continuity on the
whole plane R? of the first-order partial
derivatives of functions u(x,y) and v(x,y) it
follows that I(u(x,y),v(x,y)) and therefore
also |I(u(x,y)v(x,y))| is a continuous function
at the point My(xy,y,). Then there is a
neighborhood such that:

V(S'(MOJ (xOIyO) = {M(X»Y) € RZIP(M'MO) < 6} (6 € ]R,6 > O)

a punctului My (x,, o), astfel ca

of the point M, (xy, ¥o) thus

1-—
|11, VGo )| = €] < 5= V) € Vs(My (o, 30))

adica:

ie.

_% < [1(ue,y),vy)| —c < % sau/or
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c— % < |[I(uCx,y),v(x, )| <c+ % de unde/whence

1+c 1+1

|1(u(x, ), v(x, )|

<—<—=1 V(x,y) € Vs(Mo(xo,70)).

Atunci/Then:
S(F (V,;(Mo(xo,yo))» = ff dudv = |I(u(x, ), v(x, y))|dxdy
F(Vg(Mo(xo,yo))) V(Mo (x0,50))
< ff 1 *dxdy = dxdy =S (V(g(MO(xO,yO))).
Vs(Mo(x0.0)) V(Mo (x0,50))

Adica/That is § <F (Vs (Mo (xo, yo)))) < 5 (Vs(Mo(xo,y0)) )

Astfel, in ambele cazuri posibile, presu-
punerea noastrd conduce la o contradictie cu
ipoteza teoremei si deci raimane ca:

Thus, in both possible cases our assum-
ption leads to a contradiction with the hypothesis
of the theorem and so it remains that:

[I(u(x, ), v(x,¥)| =1 V(x,y) € R?

Teorema este demonstrata.

Concluzii

In prezentul articol este initiat studiul
transformarilor planului de coordonate ce pas-
treaza ariile figurilor. Sunt caracterizate aceste
transformari prin doua criterii. Unul este formu-
lat in limbaj geometric, celdlalt — in limbajul
calculului diferential si integral. Rezultatele obti-
nute pot fi aplicate in domenii matematice adia-
cente, precum si in elaborarea unor tehnologii
industriale.

The theorem is proved.

Conclusions

The study of transformations of the
coordinate’s plane, which preserves the areas of
the figures, is initiated. These transformations
are characterized by two criteria. One is formu-
lated in geometric language, the other — in the
language of differential and integral calculus.
The obtained results can be applied in adjacent
mathematical fields, as well as in the develop-
ment of some industrial technologies.
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