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In lucrarea dati se abordeazd unele
procese decizionale din spatiile economice de
productie si de transport, axate pe optimizarea
acestora, sub diverse aspecte. Se pune accent
pe valorificarea deciziilor eficiente, cu res-
pectarea unor conditii traditionale si a unor
restrictii speciale impuse de fenomenul de
poluare. Poluarea este consecinta activitatilor
economice din domeniile respective. In majo-
ritatea modelelor economico-matematice, func-
tiile de poluare definesc constrangeri care pot
diminua, esential, in raport cu situatiile clasice,
multimea solutiilor admisibile. Pentru anumite
situatii se propun algoritmi numerici cons-
tructivi care ar putea solutiona efectiv si in
timp real problemele in cauza.

Cuvinte-cheie: model economico-mate-
matic, productie, transport, restrictii, functii de
poluare, algoritm.
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Introducere

Sistemele economice, in intensd activi-
tate, urmaresc scopuri majore, precum: maxi-
mum venit sau profit, minimum cost, sau
extremum de alti indicatori profitabili, pe langa
realizarea acestor indicatori, produc si fluxuri
nocive, care influenteazd negativ asupra me-
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The paper addresses some decision-
making processes in the economic areas of
production and transport, focused on the opti-
mization, in various aspects, of these processes. A
special emphasis is given to capitalizing on
optimal decisions, respecting traditional con-
ditions and special restrictions imposed by the
pollution phenomenon. Pollution is the con-
sequence of economic activities in the respective
fields. In most economic and mathematical mo-
dels, the pollution functions define constraints,
which can essentially reduce, compared to clas-
sical situations, the set of admissible solutions.
For certain situations, constructive numerical
algorithms are proposed, which could effectively
and in real time solve the problems in question.
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Introduction

Economic systems, being in intense
activity, pursue major goals such as maximising
income or profit, minimising cost, or extremum
of other profitable indicators, in addition to
achieving these indicators, also produce harm-
ful flows, which seriously influence the envi-
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diului ambiant. Toate acestea se rasfrang direct
sau indirect asupra sanatatii populatiei, a
produselor agricole si a celor de primd nece-
sitate. In primul rand, compusii toxici se deter-
mina ca rezultat al activittii intensive a fabri-
cilor, uzinelor si, nu in ultimul rand, a organi-
zatiilor de orice tip de transport.

In literatura de specialitate [1], dar mai
ales in cea care tine de modelarea productiei [2]
si transportului [3], cu regret, se acordd o aten-
tie insuficientd acelor daune pe care le aduc
asemenea activitati omenirii si mediului.

Deseori, ofertele sunt exagerate vizavi de
cerere, iar cererile abuzive, de asemenea, s-ar cu-
veni, intr-un mod sau altul, sa fie reglementate.

In lucrare se analizeaza mai multe modele
din sfera productiei si transportului, in care se
includ restrictii suplimentare cu participarea
functiilor de poluare. Consideram absolut nece-
sare asemenea constrangeri pentru a trai si activa
pe o planeta prospera si sdndtoasa.

Metode aplicate

Notiunea de model economico-mate-
matic este una fundamentala pentru studiul dat.
Fiecare asemenea model pune in evidentd o
functie obiectiv [3], iIn dependentd de scopul
formulat si un numar finit de restrictii, care in
mod logic, dar si In context economic, exprima
restrictiile in forma unor inegalitati. Restrictiile
redau, de reguld, acele constrngeri in care se
afld sistemul economic. Ele sunt dictate de posi-
bilitatile interne, dar, in foarte mare masura si de
,dictatura sau loialitatea” mediului ambiant.

Rezultatele proceselor de optimizare se
bazeaza pe proprietatile modelelor liniare [3]
si a celor convexe [4], dar si pe anumite modi-
ficari [5,6] ale metodei gradientului sau gra-
dientului generalizat [7]. Pentru majoritatea
modelelor abordate se aduc interpretiri geo-
metrice, bazate pe afirmatii din domeniul pro-
gramdrii liniare [3]. La rezolvarea practica a
problemelor concrete este necesara stabili-
rea validitatii modelului utilizat, dar si deter-
minarea metodei/metodelor eficiente de iden-
tificare a solutiei optime, acceptate la nivel
de experti.
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ronment. All these directly or indirectly affect
the health of the population, agricultural pro-
ducts and basic necessities. First of all, harmful
compounds are determined as a result of the
intensive activity of factories, plants and, last but
not least, organizations of any type of transport.

In specialized literature [1], but especially
that in production modelling [2] and transport
[3], unfortunately, insufficient attention is paid
to the damage that such activities bring to
humanity and the environment.

Offers are often exaggerated in relation
to demand, and abusive requests would also
have to be regulated in one way or another.

The paper analyses several models from
the sphere of production and transport, in which
additional restrictions are included with the
participation of pollution functions. We consi-
der such constraints absolutely necessary in
order to live and work on a prosperous and
healthy planet.

Applied methods

The notion of economic and mathema-
tical model is fundamental for the given study.
Each model highlights an objective function
[3], depending on the formulated purpose, and a
finite number of restrictions, which logically,
but also in an economic context, express the
restrictions in the form of inequalities. Res-
trictions usually reproduce those constraints in
which the economic system is located. They are
dictated by internal possibilities, but, to a very
large extent by the “dictatorship or loyalty” of
the environment.

The results of the optimization processes
are based on the properties of linear [3] and
convex models [4], but also on certain modi-
fications [5, 6] of the gradient method, or the
generalized gradient [7]. For most of the mo-
dels addressed, geometric interpretations are
given, based on statements from the field of
linear programming [3]. In the practical solu-
tion of concrete problems, it is necessary to
establish the validity of the model used, but
also to determine, if there are more, the effec-
tive method of identifying the optimal solution,
accepted at the experts’ level.
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Rezultate si discutii

Fie cd se studiaza un sistem arbitrar
economic de productie, despre care se cunoaste
mecanismul de transformare a resurselor, repre-
zentate prin vectorul X, in oferte ale bunurilor,
reprezentate prin vectorul y. Se admite, ca
aceasta transformare este redata prin functia de
productie f(x). Prelucrarea resurselor, in afara
de ,,bunuri bune” produce si , bunuri rele”,
valoarea numerica a carora, indicatorul ¢(x),
exprimd gradul de poluare a mediului. Indica-
torul numeric ¢(x), scalar sau vectorial, se
numeste functie de poluare.

In una dintre variantele frecvent abordate
in teoria economicd a sistemelor de productie
[4], se analizeaza problema maximizarii volu-
mului de productie:

y =f (X) - max

cu conditia cd costul total al resurselor nu
depéseste suma de bani C:

Xi-19x% <C,

sifand 0<x; <X;,j=1,n

Geometric, pentru n=2, modelul este
reprezentat in figura 1 in care, pentru cazul 1,
nu se iau in calcul restrictii cu privire la nivelul
,acceptabil” de poluare, pe cand cazul 2
prezintd situatia de aplicare a restrictiei de
poluare de forma:

) <9,

unde ¢ este plafonul admisibil de emisii nocive.
Remarci. Reprezentarea geometrica
expusd admite ca functia ¢(x) este liniara.
Remarci. S-ar putea presupune ci in
afard de (4), ar putea fi, din punct de vedere
ecologic, impunerea respectirii si urmatoarei
inegalitati:

P(X)/f (%) < @,

¢y — fiind valoarea maxima admisibila de
poluare 1n raport cu o unitate de produs.
Logic este clar: modelul (1) — (4) sau
(1) — (5) constrange grupul decizional sa
micsoreze, fatd de modelul (1) — (3), cantitatea
de productie. Astfel, si valoarea venitului aces-
tui sistem va deveni mai modesta.

Results and discussions

Let us study an arbitrary economic sys-
tem of production, about which the mechanism
of transformation of resources, represented by
the vector x, into offers of goods, represented
by the vector vy, is followed. Let us admit that
this transformation is rendered by the produc-
tion function f(x). The processing of resources,
apart from “good goods” also produces “bad
goods”, the numerical value of which, the indi-
cator ¢(x), expresses the degree of environ-
mental pollution. The numerical indicator ¢(x),
scalar or vector, is called the pollution function.

In one of the variants frequently addres-
sed in the economic theory of production sys-
tems [4], the problem of maximizing pro-
duction volume is analysed:

1)
with condition that the total cost of the
resources does not exceed the amount of
money C:
)
@)
Geometrically, for n=2, the model is
represented in figure 1 where, for case 1, res-
trictions regarding the ‘“acceptable” level of
pollution are not taken into account, while case
2 presents the situation of applying the pollu-
tion restriction in the form:

(4)
where @ is the permissible ceiling of harmful
emissions.

Remark. The exposed geometric represen-
tation admits that the function ¢(x) is linear.

Remark. It could be assumed that, apart
from (4), it could be, from an ecological point
of view, also imposing the following inequality:
(®)

@ — being the maximum allowable pollution

value in relation to a unit of product.

The logic is clear: the model (1) — (4), or
(1) — (5) forces the decision-making group to
reduce, compared to the model (1) — (3), the

amount of production. Thus, the income value of
this system will also become more modest.
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Ipotezele [8] referitor la functia ¢ (X):
1) ¢ (X) — nedescrescatoare fatd de fiecare
componenta X;;
2) ¢(0,0,..,0)=0;
3) 3. ¢ (Xuyeey Xjpoowy Xn) > 0 pentru x; >0,
i=Ln;
4) ¢ (") > o, daca (-) > .
Remarci. O Iintelegere mai clara a
functiei de poluare, ar sustine pe calea
dependentei:

The hypotheses the
function ¢ (x):
1) ¢ (x) — non-decreasing with respect to
each component x;.
2) ¢(0,0,..,0)=0;
3) @ (Xayeer, Xy Xo) >0 fOr x>0, j=1,7n;
4) ¢ ()—>o,if () > oo
Remark. A clearer understanding of the
function of pollution, would go the way of
dependence:

(8]

regarding

p(x) = Y@y =Y (x)),

ceea ce denotd cd gradul de poluare depinde in
mod direct de cantitatea produsa Yy, iar aceasta,
la rAndul sdu, depinde de cantitatile de resurse
utilizate.
Remarci. Precum functia de productie si
cea de poluare ar putea avea diverse forme [8-9]:
a) liniara fata de y si liniara fata de X;
b) liniara fata de y, neliniara in raport cu X;
c) logaritmica fata de vy, dar diverse forme
de dependenta 1n raport cu X,... si altele.
Astfel, s-ar obtine o gama larga de mo-
dele economico-matematice, in care participa
una sau mai multe restrictii cu prezenta functiei
de poluare ¢ ().

B;

C/q2

-

P <P

which denotes that the degree of pollution
directly depends on the quantity produced vy,
and this, in turn, depends on the quantities of
resources used.

Remark. Like the production function,
the pollution function could have various
forms [8, 9]:

a) linear with respect to y and linear with
respect to x;

b) linear with respect to y, non-linear with
respect to x;

c) logarithmic with respect to y, but
various forms of dependence with
respect to x,... and others.

Thus, a wide range of economic-mathe-
matical models would be obtained, in which one
or more restrictions with the presence of the
pollution function ¢ (x) participate.

Cazul 1

"
[zocosta = gix;+gox> = C

Clqr

Figura 1. O interpretare geometrica a modelelor (1)-(3) si (1)-(4)/
Figure 1. A geometric interpretation of models (1)-(3) and (1)-(4)
Sursa: elaborata de autori in baza proprietatilor functiei de productie [4]/
Source: developed by the authors based on the properties of the production function [4]
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Algoritm de solutionare a modelului de
productie cu restrictii la emisiile poluante

Algoritmul se construieste in baza meto-
dei proiectiei gradientului generalizat [7]. Mai
exact, acesta este o0 modificare a acestei metode
[5, 6]. Si anume, daca X se afld in  domeniul
»ek—admisibil”, trecerea de la varianta aproxi-
mativa x* a solutiei optime X', la varianta x*** se
executd 1n directia gradientului (sau gradien-
tului generalizat) al functiei de productie f(x).
Daca x* se afld in afara domeniului ,,&, — admi-
sibil”, trecerea la X*** se face in directia antigra-
dientului determinat de restrictia cu abatere

majord. Marimea pasului hy , de trecere de la x*
k+1

lax"", se determina in mod programat [5].
Expunerea algoritmului
Se construieste consecutivitatea x°, X',
o X6 X xPfiind punctul de start.

Se defineste multimea X={xeE™: 0 <
xj < %,j =1,..,n}. Seiax’eX.

Se construiesc functiile:

p1(x) = ¥j=1 9% — C,

¢2(x) = 40(35) - (ﬁ!

P3(x) = @(x) —@r - f(x).

Se calculeaza gradientii acestor functii:

grad g1(X) = (01, G2, - Gn),

grad ga(x) = grad p(x),

grad g3(x) =grad ¢(x) - @5 - grad f(x).

Fie punctul x* deja cunoscut. Se indica
numarul >0 [ 5,9].

Se calculeaza valorile functiilor @;(x"),
92(X), p3(X").

Se defineste
P+ (x) = max(os (%), @2 (+*), 05 (+*)).

Definitie. Daci x*€ X si ¢"(x)< & se va
spune ca punctul X este g — admisibil. Daca x*
€ X, dar ¢"(x*) > &, atunci X nu este punct &
— admisibil.

Trecerea de la x* la x*** se face astfel:

Algorithm for solving the production
model with restrictions on pollutant emissions

The algorithm is built based on the gene-
ralized gradient projection method [7]. More
precisely, this is a modification of this method [5,
6]. Namely. If X* is in the ,,6—admissible” domain,
moving from the approximate version X, of the
optimal solution X', in the variant X** it is exe-
cuted in the direction of the gradient (or generali-
zed gradient) of the production function (x). If x*
is outside the ,,g—admissible” domain, the transi-
tion to X**is made in the direction of the antigra-
dient determined by the major deviation restric-
tion. The size of the step hy , of transition from x*
to X***, is determined in a programmed way [5].

Algorithm exposure

The sequence X, X, ..., X, X1, ... is con-
structed; x° - being the starting point.

The set X={xeE™0<x; <%,j=

1, ...,n} is defined. Take x’€X.

The functions are built:

p1(x) = ¥j-19;% — C,

P2(x) = p(x) — @,

p3(x) = o(x) — @5 f(x).

The gradients of these functions are
calculated:

grad 91(X) = (01, Gz, -+, Gn),

grad g,(x) = grad ¢(x),

grad g3(x) =grad ¢(x) - @5 - grad f(x).

Let the point x* already be known. The
number &0 is indicated [ 5,9].

The function values are calculated q)l(xk),
92(X), p3(X").

Define
9" (x*) = max{py (x¥), 92 (x*), 05 ()},

Definition. If x*€ X si ¢*(x*)< ¢ it will be
said that the point X“ is & — admissible. If x“ € X
but ¢*(x) > &, then x* is not an ¢ — admissible
point.

The transition from x* to x<*

is done like
this:

XUI=P (e + by 1),

iar/and n* = {

Pentru pasul hy se admit indeplinite
conditiile traditionale:

grad f(x*),
—grad ¢*(x*),

dacd p*(x*) < &,

dacd p*(x*) > g

For step hy it is assumed that the
traditional conditions are fulfilled:

Revista / Journal ,, ECONOMICA” nr.4 (122) 2022
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hk = 0, hk g 0, Z]?:Ohk = 00,

Remarci. Daca functia de productie
f(x) este concava [4], iar functia de poluare este
convexa [4] pe X, atunci functiile
@1 (x), P2 (x), p3(x) sunt convexe pe multimea X.

Model al transporturilor cu restrictii la
emisiile nocive [10]

Fie in modelul clasic de transport [3], se
presupune ca intre punctul de oferta i = 1, 2, ...,
m, cu capacitatea de oferta a; si punctul de
consum j =1, 2, ..., n, cu cererea by, exista ki
traseuri pentru transportarea bunurilor. Se
introduc urmatoarele notatii:

xilji.j — volumul de productie ce urmeaza a fi trans-
portatde la ila j pe traseul I (I =1, 2, ..., kij);
c Jij — pretul de transport de la punctul i la punc-
2, ..., k”),

X,/ — capacitatea de transport a traseului I

tul j pe traseul respectiv I (I; = 1

Fie ca e necesar de minimizat cheltuielile
totale de transport:

Remark. If the production function f(x)
is concave [4], and the pollution function is
convex [4] on X, then the functions
@1 (x), 2 (x), p3(x) are convex on the set X.

Model of transport with restrictions on
harmful emissions [10]

Either in the classic transport model [3],
it is assumed that between the supply point i =
1, 2, .., m, with supply capacity a and
consumption point j = 1, 2, ..., n, with demand
b;, there are kj routes for transporting goods.
The following notations are introduced:

xl.]‘.’ — the volume of production to be transported
from i to j along the route I (I; = 1, 2, ..., kij);

7 — the transport price from point i to point j
on that route Iij (Iij =12,.. li)'
fl.l]"." — the transport capacity of the route ;.
Whether it is necessary to minimize the total
transport costs:

2() = TR T By, e %)~ min )
Cu conditiile/With the conditions:
IZZ;]_I ll]” a,i=1m (7
S Tyl Xy = by =T ®
0<x]”<xl” Lj=Lk;i=1mj=1n 9)

Se face presupunerea ca transportul
ciegee L . .o ..
cantitatii xl.]l.’ pe traseul l;j implicd o emisie no-
. . o 4 R . .
civa proportionala distantei di;.’ dintre punctul i

si punctul j. Cu alte cuvinte, functia de poluare
corespunzatoare are aspectul:

lij lij lij
=d7 x"
ij ij

ij
Astfel, la modelul (6) — (9) pot fi adau-
gate noi restrictii, de exemplu, de forma:

The assumption is made that the trans-
port of the quantity x:;j on the route I;; involves
a harmful emission proportional to the distance
dfj.f between point i and point j. In other words,
the corresponding pollution function looks like:

(10)
Thus, new restrictions can be added to

the model (6) — (9), for example, of the form:
ki gl

p() = T T B 4 x) < 7, (11)
0(x)/g(x) < Z,. (12)
AicilHere  g(x) = T, Ty By, %, (13)

Restrictia (11) exprimd gradul total de
poluare in rezultatul operatiilor de transport, acest
grad nu trece de plafonul Z; — stabilit din timp.
Conditia (12) descrie media de poluare fata de o
unitate transportata de bun, iar valoarea maximala

Revista / Journal ,,
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Restriction (11) expresses the total degree
of pollution as a result of transport operations,
this degree does not exceed the ceiling Z; —
established in time. Condition (12) describes the
average pollution with respect to a unit trans-
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a acesteia se admite a fi Z, — de asemenea, a
priori indicata.

Remarca. Pentru unele trasee lj, ar
putea fi incluse restrictii Similare, de exemplu:

9/ <

Remarci. Modelul de transport (6) — (9),
cu includerea conditiilor (11), (12), (14), devine
mai complex, insd mai adecvat situatiilor reale.
Noile restrictii, evident, reduc spatiul descris de
relatiile (7) — (9). Totodata, prin restrictiile de
poluare s-ar putea cere diminuarea anumitor b,
dand prin aceasta prioritati relatiilor (11)-(14).

Exemple de modele de productie cu
restrictii la emisiile nocive

1. Maximizarea volumului de productie

ported by the good, and its maximum value is
allowed to be Z, —also indicated a priori.
Remark. For some I routes, similar
restrictions could be included, for example:
_1ij
i]/. (14)
Remark. The transport model (6) — (9),
with the inclusion of conditions (11), (12), (14),
becomes more complex, but more appropriate
to real situations. The new restrictions obviously
reduce the space described by relations (7) — (9).
At the same time, pollution restrictions could
require the reduction of certain bj, thus giving
priority to relationships (11)-(14).
Examples of production models with
restrictions on harmful emissions
1. Maximizing production volume

max

y=f() " (L)
Yjm1a% < C (2:)
X <x <X ,j=1n (31)
YO =P([f) =) <P (41)
o0 <9y (5)

2. Maximizarea venitului 2. Maximizing income
Z0) =Xfapi v o (1)
Yi=1aijy; < b i=1,m (2,)
Y <y <5 j=Ln (3)
oY) =%j-1di-y <P (42)
o;(y))=d; 'y <9 (52)

In cadrul acestui model se presupune:

1. Sistemul de productie are planificat de
a produce n tipuri de bunuri
(produse), cantitativ, notate cu y;,
j=1,7n si care urmeazi de a fi comer-
cializate la preturile p; (constante sau
dependente de volumul y;);

. @& — normele de consum a resursei i

pentru a obtine o unitate de produs j;

b; — disponibilul resursei i (i=1, m);

yj — cantitatea minima ,,rezonabila” de

ofertd a produsului j (j=1, n);

. J,— cantitatea maxima (se apreciaza:
sau din considerente cu privire la

In this model it is assumed that:

1. The production system is planned to
produce n types of goods (products),
quantitatively, denoted by vyj;, ji=1,n
and are to be sold at prices p;
(constant, or dependent on the
volume y;);

ajj — consumption norms of resource i
to obtain a unit of product j;

b; — resource availability i (i=1,m);
yj — minimum “reasonable” quantity
of the product offer j (j=1, n);

y, — the maximum quantity (appre-
ciated: or from considerations regarding

Revista / Journal ,, ECONOMICA” nr.4 (122) 2022
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cererea vizavi de bunul j, sau reiesind
din ilitati si  capacitatile
intreprinderii date) de oferta a
produsului j (j=1, n);

. ¢(y) — functia sumard de emisii
nocive in raport cu toate produsele
i=1n

. @ — marja (plafonul) de maxima
poluare in raport cu toate produsele ;

. Q) (yj) — nivelul de poluare in raport
cu produsul j, care se presupune a fi
proportionald cantitatii de productie y;,
cu coeficientul de proportionalitate dj
(cc se considera marime cunoscutd);

. @, — »pragul” de maximd poluare in
raport cu produsul j.

3. Minimizarea functiei cost

CON) =2ja Gy~

Yi-1pjy; =V

Xi=1aijyj < by, i=1,m
R
() =Xj-190;) <
,j=1,n

0i(y) <7

in modelul (13) — (63), se pune problema
minimizarii pretului productiei sistemului dat
de productie. Conditia (23) inainteaza cerinta ca
venitul total, obtinut prin comercializarea
bunurilor, si nu fie mai mic decat valoarea
indicatd V. Celelalte restrictii sunt similare
celor din modelul 2.

C; reprezintd pretul mediu care revine
unei unititi de produs j (j=1, n).

4. Minimizarea functiei de poluare

the request regarding the good j, or
arising from the possibilities and
capacities of the given enterprise) of

the product offer j (j=1, n);

6. @(y) — the summary function of
harmful emissions in relation to all
products j=1, n;

7. @ — the margin (ceiling) of maximum
pollution in relation to all products;

8. ¢;(y;) —the level of pollution in rela-

tion to product j., which is assumed
to be proportional to the production
quantity y; with the proportionality
coefficient d; (cc is considered a
known quantity);

@, — the “threshold” of maximum
pollution in relation to product j.

3. Minimizing the cost function

min

(13)
(23)
(33)
(43)
(53)
(63)

In the model (15) — (63) the problem of
minimizing the production cost of the given
production system is posed. Condition (23) puts
forward the requirement that the total income,
obtained by trading the goods, is not less than
the value indicated V. The other restrictions are
similar to model 2.

C; represents the average unit cost of a
product j (j=1, n).

4. Minimizing the pollution function

o) = Xi=19;y; > min (1)
Yi=1pjy; =V (24)
Z;'l=1 cjyj <C (34)
Yi=1ajy; < by, i=1,m (44)
EVIEY] (54)
Rationamentul modelului (15) — (54) The reasoning of the model (14) — (54)

consta in urmatoarele: se cere ca in domeniul in
care venitul total nu e mai mic decat valoarea
V, iar pretul de producere nu depéseste valoarea
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consists of the following: it is required as in the
field, where the total income is not lower than
the V value, the production cost does not
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C, de determinat un asemenea output al siste-
mului de productie, cu respectarea restrictiilor
traditionale (44) — (54), care asigurd cel mai mic
nivel de poluare a mediului ambiant.

5. Optimizarea rentabilititii [6]. Se
admite ca fiecare factor de productie i ar putea
fi procurat pe mai multe piete (dintr-un numar
dat m; ,i = 1,m). La fel, produsul j ar putea
fi realizat pe cateva din cele n; piete existente,
j = 1,n. Se defineste functia de rentabilitate de
forma si cu scopul:

exceed the value C, to determine such an output
of the production system, respecting the tra-
ditional restrictions (44) — (54), which ensure the
lowest level of environmental pollution.

5. Optimizing profitability [6]. It is
assumed that each production factor i could be
procured in several markets (from a given
number m; ,i = 1,m). Likewise, product j
could be made on several of the m; existing
markets, j = 1,n. The profitability function is
defined in the form and with the purpose:

ni . i
RW,X,y) =112, 24 v} mln{u}; y}} — Y Ve v xf - max (u,x) (1s)
unde: where:
U — masivul de oferta a bunurilor pe cele U - the massive supply of goods on the
n; piete (j=1,n), care urmeaza de a fi n; markets (j =1,n), which is to be
determinata; determined;

y} — cererea pentru bunul j pe piata |;

!
vj—
comercializarea unei unitéti de produs j pe piata
I); x{ — cantitatea de resurse i necesara de a
fi procuratd pe piata s; 17

L
T
a;j — coeficientii tehnologici;

venitul unitar  (venitul obtinut prin

> — pretul resursei
i pe piata S;
b; — disponibilul resursei i.

Factorii de decizie In acest model sunt

masivele U si X, care au aspectele:

1

)

u

— (1 ny,

U= (Ut
1
i

— 1 my, .
X=(x1,.x; Y5 x

)

Restrictiile din model sunt urmdtoarele:

In aceste circumstante, functia de poluare
capata urmatorul aspect:

y} — the demand for good j in market I ;
v]-l— unit income (the income obtained by selling

a unit of product j on the market I); x} - the
amount of resources i needed to be procured on
the market s; r® — the price of resource i on
the market s; a;; — technological coefficients;
b; — resource availability i.
The decision makers in this model are
the U and X arrays, which have the aspects:
n
;)
m;

X

;...;u,ll, ...ugn);
. x,’:llm).

Cogd
S e Xy one

The restrictions in the model are as follows:

n nj m;
Z aijz: u} < b; +Z xp,i=12,..,m (25)

j:l =1 s=1

nj N
osﬁszl_lufs_,,j= n (3s)
0<u} <7 (4s)
0<xf <x5,s=1m,; i=1m (5s)

Under these circumstances, the pollution
function takes on the following appearance:

o) =Yi-1 0.

Restrictia pentru functia de poluare este
de forma:

o) < @.

The restriction for the pollution function
is of the form:

(65)
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In ansamblu, problema dati s-ar putea
aborda si astfel. De realizat un proces optimal,
in vederea maximizarii rentabilitatii sistemului
de productie, ludnd strict In considerare polua-
rea mediului, conditionatd de urmatoarele acti-
vitati: transportul resurselor de la furnizori spre
intreprindere; prelucrarea resurselor; transportul
produselor finale spre pietele de desfacere.

Interpretiri geometrice la unele pro-
bleme cu restrictii la poluare

Maximizarea venitului (figura 2).

V2

Overall, the given problem could also be
approached in such a way so as to achieve an
optimal process, in the vision of maximizing
the profitability of the production system,
strictly taking into account environmental pol-
lution, conditioned by the following activities:
the transport of resources from suppliers to the
enterprise; the processing of resources; the
transport of final products to the markets.

Geometric interpretations of some pro-
blems with pollution restrictions

Maximizing income (figure 2).

Figura 2. Domeniul valorilor admisibile este poligonul A;B,C,D,E,. Solutia optima este y =E,/
Figure 2.The range of admissible values is the polygon A,B,C,D,E,. The optimal solution is y* =E,
Sursa: elaboratd de autori in baza proprietdtilor modelelor liniare de optimizare [3]/

Source: developed by the authors based on the properties of linear optimization models [3]

Minimizarea functiei cost (figura 3).

Minimizing of the cost (figure 3).

Figura 3. Domeniul valorilor admisibile este poligonul A;B;C3DsE;. Solutia optimi este y™ = Ay/
Figure 3.The range of admissible values is the polygon A;B;C;D;E;. The optimal solution isy” = Ag,
Sursa: elaborata de autori in baza proprietdtilor modelelor liniare de optimizare [3]/

Source: developed by the authors based on the properties of linear optimization models [3]
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Minimizarea functiei de poluare (figura 4).

»2

Minimizing the pollution function (figure 4).

Figura 4. Domeniul valorilor admisibile este patrulaterul A,B,C,D,. Solutia optimi y~ = A,/
Figure 4. The domain of admissible values is the quadrilateral A,B,C,D,.
The optimal solutionisy = A,
Sursa: elaborata de autori in baza proprietdtilor modelelor liniare de optimizare [3].
Source: developed by the authors based on the properties of linear optimization models [3]

Studiu de caz: maximizarea functiei de
venit.

Fien=2,m=2,p,=3,p,=4,b, =12,
b, =16, a;1 = 2, a2 = 3, axn =4, axp =2,
d; =03,d, =01, ¢ =06, V=12, Astfel,
functia de venit z(y) = 3y;+4y,, iar functia de
poluare ¢(y) = 0.1y,+0.3y,.

Prin urmare, se obtine urmatorul model:

Case study: maximizing the income
function.

Letn=2,m=2,p,=3,p,=4,b; =12,
b, =16, a3y =2, a5, =3, an =4, axp =2,
d;=03,d,=0.1, ¢ =06, V=12 Thus, the
income function z(y) = 3y;+4y,, and the pollu-
tion function ¢(y) = 0.1y,+0.3y,.

Therefore, the following model is obtained:

2(y) = 3y1+4y; — max
2y, +3y, < 12 3y +4y, < 16;
o) =0.3y:+0.1y,<0.6,y1 >0, y.>0.

0

A0:00 1 A 3
9(3)=0.6

4 5 6 7 8

Figura 5. Reprezentarea geometrica din studiul de caz/
Figure 5. Geometric representation from the case study
Sursa: elaborata de autori in baza proprietdatilor modelelor liniare de optimizare [3]/
Source: developed by the authors based on the properties of linear optimization models [3]
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Analizdnd situatia datd (figura 5), se

constatd ca solutia optimd (care corespunde
6 24

venitului maxim) este punctul y* = Cz(;; 7),
iar valoarea optima a functiei scop z(y') = 16 % .
Daca nu s-ar lua in considerare restrictia de
poluare, atunci solutia optima ar fi y = E,(3;2)
si venitul maximal ar fi Zn, = 17.

Remarci. In studiul de caz realizat s-a
operat cu date conventionale. In urmitoarele
cercetari, acumuland date statistice, se vor ana-
liza modele similare pentru situatii reale.

Concluzii. Consideram ca functiile de
poluare ar putea fi deduse, cercetdnd procesele
concrete de producere si cele care ar descrie
aspectele de transportare a resurselor de la
furnizori spre producatori, dar si de la produ-
catori citre consumatori. Desigur, nu este vorba
despre o deducere triviald, ba din contra, s-ar
cere anumite eforturi si costuri pentru a stabili
caracterul acestor dependente, care daca ar fi
ignorate ar duce la consecinte negative. Insi, la
nivel de model, problemele deja pot fi solutio-
nate. Pentru aceasta sunt dezvoltate concepte,
metode, retele de calcul, toate fiind in astep-
tarea rezolvarii problemelor reale, prin care s-
ar reduce esential emisiile nocive.

Analysing the given situation (figure 5),
it is found that the optimal solution (corres-
ponding to the maximum income) is the point

y = Cg(g; 2—74), and the optimal value of the

objective function z(y") = 16 % . If the pollution

constraint were not taken into account, then the
optimal solution would be y" = E,(3;2) and the
maximum revenue would be Z., = 17.

Remark. In the given case study, it was
operated with conventional data. In the following
research, accumulating statistical data, similar
models for real situations will be analysed.

Conclusions. We believe that the pollu-
tion functions could be deduced by researching
the concrete production processes and those
that would describe the aspects of transporting
resources from suppliers to producers, but also
from producers to consumers. Of course, this is
not a trivial deduction. On the contrary, certain
efforts and costs would be required to establish
the nature of these dependencies. However,
the negative consequences if such effects were
to be ignored are very important. But, at the
model level, the problems can already be sol-
ved. For this, concepts, methods, computing
networks are developed, all pending the solu-
tion of real problems, which would essentially
reduce harmful emissions.
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