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In acest articol, autorii analizeazd nor-
malitatea asimptoticd pentru estimarea ecuatiei
singulare. Cazul studiat acoperda populatia cu
instrumente sensibile. Modelele si ipotezele
relevante sunt expuse si explicate, iar core-
latiile semnificative extrase din ecuatii sunt
evidentiate.
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1. Scurte notiuni introductive

In aceastd lucrare, am incercat si ana-
lizam efectele extinderii rezultatelor in cazul
normalitafii asimptotice pentru estimatorii
obtinuti atunci cind utilizam populatii cu
instrumente sensibile. Vom studia situatia in

care un parametru nu are crestere mai redusd,

i

K, . o o e e .
astfel ca r—” s tinda catre infinit.
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1. Short introductory notions

In this paper we have tried to analyse the
effects of results extension in the case of
asymptotic normality for estimators achieved
when we use population with sensitive instru-
ments. We shall study the situation in which a

Kn

™n

parameter does not record lower increase, so

would tend to infinite.
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2. Consideratii privind modelul cu
ecuatii simultane’

Se va analiza modelul cu doud ecuatii
simultane (SEM), de forma:

Yin = y2nﬁ + X,y + Uy,
Yon = ZnT + Xp @ + vy,

unde, y;, Si Y2, sunt vectorii n x ai observatiilor
celor doua variabile endogene ale sistemului. La
randul sau, X,, este 0 matrice n x J a observatiilor
variabilelor exogene J, incluse in ecuatia (1), iar

Z, este 0 matrice n x x K,, a observatiilor
asupra variabilelor instrumentale K,, sau a
variabilelor exogene excluse din ecuatia (1).

La randul lor u,, si v, suntn x 1 vectori ai
perturbantei aleatorice.

VVom considera n; = (u;, v;)', unde u; si v;
sunt componente ale vectorilor aleatorii u,,
respectiv v,,.

Pentru situatia prezentatd vom emite
urmatoarele ipoteze.

- Cn
e Presupunem cd m = m, - pentru unele
n

secvente de numere pozitive secventiale
{b,,}, nedescrescatoare in n, si pentru unele
secvente non-aleatorii, K, x x 1parametrul
vectorilor {c,}.

e A doua presupunere (ipotezd) porneste de
lafaptul cd {Z; ;i =1,..,m;n =1} este o
multime triunghiulard pe R¥»*/ variabile
aleatorii de prim-rang, unde Z;, =
(Zin Xin) cu Z{,, X, exprima randul i
din  matricele Z,, respectiv X,.
Presupunem ca:

K,, = o sin — oo astfel Tncét% -,
consideram cé «a satisface conditia
0<a<l
De asemenea, mq, 7/ 0, n — o si pre-
supunem cd existd constantele D, si Dy, cu

2. Considerations on simultaneous equa-
tions model*

In the demonstration we shall consider two
simultaneous equations model (SEM):

@)
()

where, y;, and y,, are vectors n x 1of
observations of the two endogenous variables of
the system. X,, is a matrix of n x J observations
of exogenous variables J, including in the
equation (1)

Z, is a matrix nx K, of instrumental
variables observations K,,, or exogenous variab-
les excluded from the equation (1)

u, and v, are nx 1 vectors of random
perturbations.

We consider n; = (u;, v;)’, where u; and v;
are components of random vectors u,, , and v,.

For the situation described will make the
following assumptions

e We assume that m=m, = Z—"

n

for some

sequences of positive sequential numbers
{b,}, increasing in n, and for some non-
random sequences, K,, x 1parameter vectors
{cn}-

e The second assumption it starts from the fact
that {Z;,:i=1,..,m;;n>1} a triangular
array R¥»*J valued random variables, where
Zin=(ZnXin) with Z],,X;, showing
row i from matrices Z,, respectively X,.
Assuming that

n

K
K, » c and n — oo so that — —a, we

consider that « satisfies
0<ax<l1

For m,, 7 o, n — o and assuming that the
following constants exist D, and D,, with

! Acest aspect a fost tratat sintetic si in articolul ,,Unele elemente privind normalitatea estimatorilor bazati pe
ecuatie unicd”, publicat in Revista Romana de Statistica-Supliment nr. 2/2016, pp. 23-27, fiind o extensie a
acestuia./ This aspect was synthetically approached in the article ,,Unele elemente privind normalitatea
estimatorilor bazati pe ecuatie unica”, published in Romanian Statistical Review -Supplement no. 2/2016, pp.

23-27, being an extension of it.
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0 < D, < D, < o astfel, ncat:
. ZhZ, -
Dy < limy 00 Amin (m—) cu probabilitate

in

ridicata 3
si
im0 Amax (i’]llz:) < D, cu probabilitate

ridicata (@)
unde Z,, = (Z,, X,,)

Vom considera in continuare ca exista sirul
de numere pozitive reale {m,,}, nedes-
crescitoare in n, si 0 <D, < D, < oo, astfel,

!
incat D, < lim (1) si (5)

nooo M2n

Tim (20 < B, ©)

n—oo "Mzp

A treia ipotezd denotd ci Z, Si n; sunt
independente pentru orice valoare a lui i sin.

In continuare, vom emite ipoteza ca:

—n; =1i.i.d.(0,)),unde ), >0 si

5. (g o)

Oyu Oypp

— Exista o constanta Dy
cu 0 < Dy < oo, astfel, incat
max{E(u?), E(v?)} < Dy.
- E(u?) = E(v?) = E(uizvi) =

=K (uiviz) =0.
Ultima ipotezad pleaca de la faptul ca vom
. P mypMap,
considera aprioric raportul 7, = —z = cu
n

. N A, T
conditia ca n - oo, 7;; — oo astfel, Incat K—" - 0,

n
dar@ - 0.
™

3. Normalitatea in cazul estimatorilor
unei ecuatii singulare’

Ne vom concentra atentia asupra a trei
estimatori:

e Estimatorul LIML (Limited information
maximum likelihood), de forma:

0 < D, <D, < » so that;

Dy < limy s Ain (222) it high
in
probability (3)
and
— ZhZn\ _ = , .
limp, S 00 Amax (m—) <D, with high
in

probability (@)
where Z,, = (Z,, Xp,)

Next we will consider that it exists the string
of positive real numbers { m,,,}, increasing n,
and 0 < D. < D, < o , so that

Dc < lim (2=2) and (5)

nooo Mzn

— ¢l ¢y —
Im (T2 < De. (6)
The third assumption Z,, and n; is indepen-
dent for any i and n.
Next we shall assume that:

—1n; =i.i.d.(0,)),where ), >0
Ouu Ovu
z (o)

Oyu Oy

and

— Exist a constant Dn
with 0 < Dp < o, 50 that

max{E(u?), E(Vis)} < Dy.
- B(u) = B(v?) = () -

The last hypothesis is based on the fact that

we consider a priori the relation 7, = =0z2n
n

with the condition that n — oo,71;, > 0 S0
LN 0, but @ - 0.
3. Normality in the case of estimators of a
singular equation®
We have three estimators:
e Estimator LIML (Limited information
maximum likelihood):

! Aspectele tratate in aceastd sectiune au fost prezentate si in contextul articolului ,,Unele elemente privind
normalitatea estimatorilor bazafi pe ecuatie unica”, publicat in Revista Roméina de Statistica-Supliment nr.
2/2016, pp. 23-27, In ideea de a completa si argumenta demonstratia prezentata si concluziile care s-au desprins
in final./ The aspects treated in this section were also presented in the context of the article ,,Unele elemente

privind normalitatea estimatorilor bazati pe ecuatie unica”, published in the Romanian Statistical Review-
Supplement, no. 2/2016, pp. 23-27, in the scope of development and argumentation on the demonstration

presented and the conclusions drawn at the end.
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BLIML,n = (y'ZnMXnYZn'XLIML,ny'ZnMZHYZn)_l X (Y'ZnManm'XLIML,nY'ZnMZnYm) , (1)

where XLIML,n the smallest root of the determined
equation:

unde Apjvppn este radacina cea mai micad a
ecuatiei determinante:

YinMx_ Yin  YinMx_ Y2n Y1nMZ, Y1n  Y1nMz Y2n
det{( 7, ) N ; =0 (8)
Y2nMx, ¥Yin  Y2nMx,¥Y2n Y20MZ Yin  Y2uMz,Y2n

e Estimatorul LIML modificat Fuller
(FLIML), obtinut din ecuatia:

e Estimator LIML modified Fuller (FLIML):

1

BeLivin = (VonMx, Yon — RFLIML,nYénMZHYZn)_ X (Y2nMx,¥1n — RFLIML,nYénMZHSHn) 9)

a

~ ~ | ~ ~
unde Kgpimpn=ALiMin — , pentru o | where Kgpimpn=ALimpn ——— for a
! ! n—Kp-]J i ’ ! n—Kp-J
constanta pozitiva. | positive constant
e Estimatorul B2SLS (Bias) se obtine din i e Estimator B2SLS (Bias — corrected two-
]
]
1

ecuatia: stage least-squares):

n , 1
m) Y2anMz, Y2n) 7" X

X (ygnMXHY1n - (ﬁn‘l‘z) ygnMZn}ﬁn)- (10)

Bezstsn = (VonMx, Yon — (

All these 3 estimators are special cases of
the k class estimator definite by:

Toti acesti 3 estimatori sunt exceptii ale

I
]
]
]
estimatorului de clasa k definit prin: i

Bin = (VonMx, Y2n — kKy5nMz_ ¥on) " (¥5uMx, Yin — Ky5n Mz, y1n) (11)

Urmatoarele teoreme prezinta principalele
rezultate asimptotice ale acestei lucrari:

Fie GLIML’“ definit ca prin ecuatia (7).
Atunci, sub ipotezele unu §i cinci avem:

The following theorem shows the main
asymptotic results of this work:

Let GLIML_H be defined in equation (7). Then
in hypothesis one and five we have:

. d
(lbn )(BLIML,n — Bo) = N(0,1),n — oo, unde Y, = by?cyZy My Zycp

OL,n

Fie GFLIML’“ definit ca in ecuatia (9).

i Let BFLIML,H be definite in equation (9). Then in
Atunci, sub aceleasi ipoteze rezulta: |

i hypothesis one and five we have:

(&>(BFLIML,n —Bo) i N(0,1),n — co.

OL,n

Fie Bpasisn definit ca in ecuatia (10). i Let Bosisn definite in equation (10). Then in

Atunci, sub ipotezele considerate rezulta: hypothesis we have:
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OL,n

Avéand expunerea de mai sus, apreciind
ca cele cinci
N;~E,(0,0),unde ® = T), pentru o constanta
pozitiva T si E,(0, @), atunci, existd un numar
intreg pozitiv N astfel, incét pentru orice n > N
se verificd relatia: 05, > a7,

Vectorul aleatoriu X de m X 1 se spune
ca are o distributie elipticdi cu parametrii
u(mx1) si O(mxm), daca functia de
densitate are forma:

ipoteze sunt indeplinite si

(ﬁ>(BBZSLS,n — Bo) i N(0,1),n — oo,

Suppose that the all assumptions are fulfilled
and 1N;~E»(0,0),where ® = 7Y, for a positive
constant T and E, (0, ®). Then there is a positive
integer N so than for any n > N: a2, > o7,

Random vector X of m x 1 is said to have
an elliptical distribution with parameters
u(m x 1) and @(m x m) if density function has
the form:

k,, (det®) zh((x — 1)’ 01 (x — ), iar/ but

constanta normalizatd k,,
conduc la @ definit pozitiv.

si functia h("),

If G, =Pz, — Py, —(

lar gjjn $i gijn €lementul j de pe
diagonala matricei G, si (i,j), elementele din
afara diagonalei matricei, sub incidenta ipotezei
doi, punctele unu si doi, exista urmatoarele
relatii daca n — oo.

for constant normalizedk,, and function h(-),
where 0 is positively definite.

Kn
n—Kn—J]

)Mz,

ANnd gjjn, gijn the j element on the matrix
diagonal G, and (i,j) elements found off-
diagonal matrix. So, under hypothesis 4.2(a) and
4.2(b), the following statements are met
whenn — oo.

- TT(G;D = Oa.s.(Kn)
n n

Bl z z g?j.n =045 (Kn)

i=1 j=1

- leisn[215j<ksn gizj,n gizk,n]: Oa.s.(Kn)
= D Ghn0hinOus (K)

1<i<jsn

- Z g]Z]',n gizj,nz Oa.s. (Kn)

1<i<jsn

- Z gizj,n gizk,nz Oa.s.(Kn)

1<i<j<ksn

- Z gizj,n g?k,n: Oa.s.(Kn)

1<i<j<ksn

- Z gizk,n gjz'k,nz Oa.s. (Kn)

1<i<j<ksn

- T?"(G,%) = Oqs.(Kn)
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n

- Zgjz'j,n = Oa.s.(Kn)
j=1

- gizj,nz Oa.s. (Kn)
1<i<jsn

In cazul in care G, si gjjn S Gijn
definite anterior, atunci, sub ipotezele doi,
punctele unu si doi, cu condifia ca n — oo,
deduce relatia:

If G,and g;;», and g;;,, defined before, then
under the hypothesis 2, points 1 and 2, with
condition n — oo gives us the relation:

lei<jsn(E(gi2j,n)2 = 0(Ky) si lei<j<k5n E(gizj,n)E(gizk,n) = 0(Ky).

Considerand in continuare G,, definit si fie Let us consider G, defined and let g;;, and
Gjjn S Gijn elementul j de pe diagonala matricei | g;.,, be the j element on the matrix diagonal
G, respectiv elementul (i, j) din afara diagonalei G, respectively the element (i,j) from off-
matricei, atunci, sub ipotezele doi, punctele doi si diagonal matrix. Then under the hypothesis 2,
patru cand n — oo points 2, 4 whenn — o

1
7z Z E(Gikn9jkndundjin) = 0(1)

K.
" <i<j<ksn
De asemenea, ipotezele unu si cinci Hypothesis one and five lead to
. B »
conduc la relatia: . bilk; V2o g My, 1, = 0 when n - .
b;lKrfl/Zc,’lZ,’lMXnun — 0 candn - oo. In the end we shall consider that
Tn final, vom considera Xin Fin 1< XinFin1<i<l,n>1} a square array,
i <1l,,n = 1} o matrice patratica si integrabila, integrated, of martingale differences. Also, let
de diferente martingale. De asemenea, daca l, 7 0, n = oo, we suppose that for any € > 0,
l, 7 0, n— oo, pentru orice € > 0, obtinem
relatiile:
ln
p
2
> EXZI(Xinl > &)[Fi10] 0
i=1 _
si/ and
In
2 p
E[Xin|Fi-in] > 1
i=1
Tn concluzie, se deduce, In conclusion we have,
In d L, d
Ziszi,n —>N(O,1) Zi:in,n —>N(0,1)
4. Concluzii 4. Conclusions
Derivand limitele distributiilor estimato- By derivating the limits for the estimators’
rilor, se presupune cé acestea vor creste cu o ratd distribution, it is assumed that these limits will
mai redusd decat a numarului de instrumente. increase by a rate which is lower than the number

Revista / Journal ,,ECONOMICA” nr 2 (96) 2016 S 129



INFORMATICA, STATISTICA SI CIBERNETICA ECONOMICA/ INFORMATICS, STATISTICS AND ECONOMIC CIBERNETICS

Aceasta presupune cid estimatorii considerati,
fiind definiti prin configurarea unor elemente
sensibile, inseamnd ca genereaza o crestere
moderata.

Rezultatele obtinute evidentiaza ca se
poate lucra cu instrumente mai sensibile,
neexistand riscul ca acestea sa difere de
valoarea estimata.

Tn cazul instrumentelor sensibile, se
constata ca estimatorii, indiferent de gradul lor,
sunt echivalenti. Desi este un caz particular,
putem trage normalitatea
asimptoticd pentru estimatorii ecuatiei singu-

concluzia ca

lare, In cazul unei populatii cu instrumente
sensibile, este verificatd. Studiul prezentat
in utilizarea estimatorilor
ecuatiilor singulare, atunci cand se aplica unor

evidentiaza ca,

populatii cu instrumente, ratele de convergenta
si variantd diferd de situatia instrumentelor
puternice.

of instruments. This facts assumes that the
estimators considered, defined through the
configuration of some sensitive elements, mean a
given moderate increase.

The results achieved emphasize that the
more sensitive instruments can be worked with,
the risk that they differ from the estimated value
is non-existent.

In the case of sensitive instruments, it is
observed that the estimators are equivalent,
regardless their grade. Even if it’s a particular
case, we can conclude that the asymptotic
normality for the estimators of the singular
equation, in the case of a population with
sensitive instruments, is verified. The present
study outlines that in the use of singular
equations estimators, when applied to population
with instruments, the convergence and variance
rates differ from the situation of strong
instruments.

Bibliografie selectivi/ Selective bibliography:

1. ANDERSON, T.W. et.al.(2008). On the Asymptotic Optimality of the LIML Estimator with
Possibly Many Instruments, CIRJE, Faculty of Economics, University of Tokyo in CIRJE F-

Series with number CIRJE-F-542

2. ANGHELACHE, C., SACALA, C., BODO, G., ANGHEL, M.G. (2016). Unele elemente
privind normalitatea estimatorilor bazati pe ecuatie unicd, Revista Romand de Statistica-

Supliment nr. 2/20186, pp. 23-27

3. ANGHELACHE, C. (2008). Tratat de statisticd teoretica si economicd, Editura Economica,

Bucuresti

4. ANGHELACHE, C. (2016). Econometrie teoretica, Editura Artifex, Bucuresti

5. ANGHELACHE, C., ANGHEL, M.G., MANOLE, A. (2014). Modelare economica, financiar-
monetara §i informaticd, Editura Artifex, Bucuresti

6. FORCHINI, G.(2006). The Asymptotic distribution of the LIML Estimator in a Partially
Identified Structural Equation, Monash Econometrics and Business Statistics Working Papers
1/06, Monash University, Department of Econometrics and Business Statistics

7. KUNITOMO, N. et.al.(2010). An Aysmptotically Optimal Modification of the Panel LIML
Estimation for Individual Heteroscedasticity, CIRJE, Faculty of Economics, University of
Tokyo in its series CIRJE F-Series with number CIRJE-F-780

8. TCHUENTE, G., CARRASCO, M. (2013). Regularized LIML for many instruments, CIRANO
in CIRANO Working Papers with number 2013s-20

_— Revista / Journal ,,ECONOMICA” nr 2 (96) 2016



